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Abstract
In this work the one-dimensional cubic and quintic complex Ginzburg–Landau equations (CGL) are investigated. Generalized
forms of these equations with nonlinearity of order (2n + 1) and (4n + 1) are examined as well. Explicit and implicit solutions are
formally derived.
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1. Introduction
The cubic complex Ginzburg–Landau equation is given by
wt = (1 + ia)wx x + Rw − (1 + ib)|w|2w, (1)
where w(x, t) : R2 → C is a complex function, x is real, t ≥ 0, and the coefficients a, b, and R are real. The CGL
(1) is the generic amplitude model describing the slow phase and amplitude modulations of a spatially distributed
assembly of coupled oscillators near its Hopf bifurcation [1]. The complex field w describes the modulations of the
oscillator field, and b and R are two real control parameters [1].
The cubic CGL (1) has been used to study many practical problems such as chemical turbulence, Poiseuille
flow, Taylor–Coutte flow, Rayleigh–Be´nard convection [2], reaction–diffusion systems, nonlinear optics, and
hydrodynamical stability problems. It exhibits rich dynamics and has become a paradigm for the transition to spatio-
temporal chaos [3]. The CGL can be thought of as a normal form for a Hopf bifurcation in a variety of spatially
extended systems [2]. In fact, the amplitude w describes slow modulations in space and time of the underlying
bifurcating spatially periodic pattern [4].
The generalized complex Ginzburg–Landau equation with a nonlinearity of order (2n + 1) is given by
wt = (1 + ia)wx x + Rw − (1 + ib)|w|2nw, (2)
where n is a positive integer, n ≥ 1. The function w(x, t) and the parameters are the same as in (1).
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On the other hand, the quintic complex Ginzburg–Landau equation reads
wt = (1 + ia)wx x + Rw − (1 + ib)|w|2w − (1 + id)|w|4w. (3)
Eq. (3) is a one-dimensional model of the large scale behavior of many non-equilibrium pattern forming systems [5].
The generalized form of the quintic equation
wt = (1 + ia)wx x + Rw − (1 + ib)|w|2nw − (1 + id)|w|4nw, (4)
has nonlinearity of order (4n + 1).
Several analytical and numerical approaches were employed to solve the CGL with periodic boundary conditions.
In [4], the Painleve´ test for integrability was used to determine exact solitary wave solutions. Saarloos and
Hohenberg [5] obtained solutions that read pulses and fronts. In [5–7], the quintic CGL solutions were called coherent
structures in order to emphasize that the solutions obtained are strong, exponential and have spatial localization.
The motivations for this work are twofold. First, we aim to extend the works carried out by others on cubic CGL,
generalized cubic CGL of order (2n + 1), quintic CGL, and generalized quintic CGL of order (4n + 1). Secondly,
we aim to derive explicit and implicit complex solutions [8] for each equation by using the method of separation of
variables to reduce each equation to an equivalent separable ODE that can be easily solved.
2. The cubic Ginzburg–Landau equation
We begin our analysis with the cubic CGL
wt = (1 + ia)wx x + Rw − (1 + ib)|w|2w. (5)
Our approach rests mainly on the method of separation of variables; therefore we assume that the complex field
w(x, t) can be expressed as
w(x, t) = u(t)eiα x , i2 = −1, (6)
so that
wt = u′(t)eiα x ,
wx x = −α2u(t)eiα x .
(7)
Substituting (7) into (5) gives
u′(t) = βu(t) + γ u3(t), (8)
where
β = (1 − α2) − iaα2,
γ = −1 − ib. (9)
Solving the separable ODE (8) yields
1
β
ln u − 1
2β
ln(β + γ u2) = t + δ, (10)
form which we find
u(t) =
√
βeβ(t+δ)√
1 − γ e2β(t+δ) , (11)
where δ is a constant of integration. Combining (11) with (6) we obtain the exact complex solution
w(x, t) =
√
βeβ(t+δ)√
1 − γ e2β(t+δ) e
iα x , (12)
where β and γ are complex, defined before in (9).
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However, plane wave solutions of the form
w(x, t) = Ce−iAt+iBx , (13)
can be assumed, where A, B and C are constants. Substituting (13) into (5) and solving for A we find
A = (B2a + b) + i(R − 1 − B2). (14)
This in turn gives the plane wave solutions
w(x, t) = Ce((R−1−B2)−i(B2a+b))t+iBx. (15)
3. The generalized cubic Ginzburg–Landau equation
We next consider the generalized CGL
wt = (1 + ia)wx x + Rw − (1 + ib)|w|2nw, (16)
with a nonlinearity of order (2n +1). Proceeding as before we assume that the complex field w(x, t) can be expressed
as
w(x, t) = u(t)eiα x , i2 = −1, (17)
so that
wt = u′(t)eiα x ,
wx x = −α2u(t)eiα x .
(18)
Substituting (18) into (16) gives
u′(t) = βu(t) + γ u2n+1(t), (19)
where
β = (1 − α2) − iaα2,
γ = −1 − ib. (20)
Solving the separable ODE (19) yields
2n + 1
2nβ
ln u − 1
2nβ
ln(βu + γ u2n+1) = t + δ1, (21)
form which we find
u(t) =
{ √
βe2nβ(t+δ1)√
1 − γ e2nβ(t+δ1)
} 1
2n
, (22)
where δ1 is a constant of integration. Combining (22) with (17) we obtain the exact solution
w(x, t) =
{ √
βe2nβ(t+δ1)√
1 − γ e2nβ(t+δ1)
} 1
2n
eiα x , (23)
where β and γ are complex, defined before in (20).
However, plane wave solutions of the form
w(x, t) = Ce−iAnt+iBnx , (24)
can be assumed, where A, B and C are constants. Substituting (24) into (16) and solving for A we find
A = (n
2 B2a + b) + i(R − 1 − n2 B2)
n
. (25)
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This in turn gives the plane wave solutions
w(x, t) = Ce((R−1−n2 B2)−i(n2 B2a+b))t+iBx. (26)
4. The quintic Ginzburg–Landau equation
The quintic CGL
wt = (1 + ia)wx x + Rw − (1 + ib)|w|2w − (1 + id)|w|4w, (27)
will be approached in a like manner. We first set
w(x, t) = u(t)eiα x , i2 = −1, (28)
so that
wt = u′(t)eiα x ,
wx x = −α2u(t)eiα x .
(29)
Substituting (29) into (27) gives
u′(t) = βu(t) + γ u3(t) + λu5, (30)
where
β = (R − α2) − iaα2,
γ = −1 − ic,
λ = −1 − id.
(31)
Solving the separable ODE (30) yields
1
β
ln u − 1
4β
ln(β + γ u2 + λu4) − γ
2β
√
4βλ − γ 2 arctan
[
γ + 2λu2√
4βλ − γ 2
]
= t + δ2, (32)
and hence we find the implicit solution
ln
(
u4
β + γ u2 + λu4
)
− 2γ√
4βλ − γ 2 arctan
[
γ + 2λu2√
4βλ − γ 2
]
= 4β(t + δ2) (33)
where δ2 is a constant of integration. In view of (33), the amplitude function w(x, t) can be obtained implicitly.
However, plane wave solutions of the form
w(x, t) = Ce−iAt+iBx , (34)
can be assumed, where A, B and C are constants. Substituting (13) into (27) and solving for A we find
A = (B2a + b + d) + i(R − 2 − B2). (35)
This in turn gives the plane wave solutions
w(x, t) = Ce((R−2−B2)−i(B2a+b+d))t+iBx. (36)
5. The generalized quintic Ginzburg–Landau equation
The generalized quintic CGL
wt = (1 + ia)wx x + Rw − (1 + ib)|w|2nw − (1 + id)|w|4nw, (37)
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with nonlinearity of order (4n + 1) will be investigated. We first set
w(x, t) = u(t)eiα x , i2 = −1, (38)
and proceeding as before we obtain
u′(t) = βu(t) + γ u2n+1(t) + λu4n+1, (39)
where
β = (R − α2) − iaα2,
γ = −1 − ib,
λ = −1 − id.
(40)
Solving the separable ODE (39) yields
1
β
ln u − 1
4nβ
ln(β + γ u2n + λu4n) − γ
2nβ
√
4βλ − γ 2 arctan
[
γ + 2λu2n√
4βλ − γ 2
]
= t + δ3, (41)
and hence we find the implicit solution
ln
(
u4n
β + γ u2n + λu4n
)
− 2γ√
4βλ − γ 2 arctan
[
γ + 2λu2√
4βλ − γ 2
]
= 4nβ(t + δ3) (42)
where δ3 is a constant of integration. In view of (42), the amplitude function w(x, t) can be obtained implicitly.
Unfortunately, an explicit complex solution is difficult to find by this approach.
Plane wave solutions of the form
w(x, t) = Ce−iAnt+iBnx , (43)
can be assumed, where A, B and C are constants. Substituting (13) into (37) and solving for A we find
A = (n
2 B2a + b + d) + i(R − 2 − n2 B2)
n
. (44)
This in turn gives the plane wave solutions
w(x, t) = Ce((R−2−n2 B2)−i(n2 B2a+b+d))t+iBx. (45)
6. Discussion
The cubic and quintic complex Ginzburg–Landau equations and their generalized forms have been investigated.
The method of separation of variables and the plane wave solutions were employed to convert the CGL to an ODE
that is easily solved. For the quintic CGL and its generalized form, implicit solutions are obtained in addition to plane
wave solutions. The rich physical properties of these equations are beyond the scope of this work.
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